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Quark-model hyperon-nucleon and hyperon-hyperon interactions by the Kyoto-Niigata group are 
applied to the two-A plus a system in a new three-cluster Faddeev formalism using two-cluster 
resonating-group method kernels. The model fss2 gives a reasonable two-A separation energy 
ABaa = 1.41 MeV, which is consistent with the recent empirical value, AB A X A = 1.01 ± 0.20 
MeV, deduced from the Nagara event. Some important effects that are not taken into account in 
the present calculation are discussed. 
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A new discovery of the double A hypernuclei, A 6 A-He, 
called the Nagara event pj has provided an invaluable 
source of information for the strength of the AA in- 
teraction. Before this discovery, it had been believed 
that the two-A separation energy measured by ABaa = 
B AA ( A 6 A Rc) - 2Ba(a Hg ) or equivalently by 2E( 5 Re) - 
£( AA He) - £( 4 He) was fairly large, AB A A ~ 4.3 MeV, 
which implies that the AA interaction is more attrac- 
tive than the corresponding So A7V interaction. It was 
argued in Ref. [2| that the proper treatment of the AA- 
SiV coupling effect in the AAa model is important to 
reproduce this ABaa value in the coupled-channel AGS 
formalism using the 1 So A A interaction of the Nijmegen 
model D. Now it is clear that the Nijmegen model D 
is not appropriate to describe the double A hypernuclei. 
Almost unique identification of the sequential decay pro- 
cesses involved in the Nagara event enforced it necessary 
to reanalyze the previous three events of the double A 
hypernuclei 0, 01 and led to the conclusion that the 
AA interaction is actually weakly attractive, under the 
assumption of possible involvement of excited states in 
the intermediate processes. The ABaa value deduced 
from the Nagara event is 1.01 ± 0.20 MeV Q. 

Based on this experimental information, several calcu- 
lations have been carried out to determine the strength of 
the AA interaction precisely and to find an appropriate 
interaction model mainly among the meson-theoretical 
Nijmegen models. For example, Filikhin, Gal, and Suslov 
performed detailed Faddeev calculations using the 
AAa cluster model with many phenomenological AA in- 
teractions and the so-called Isle Aa potential with a re- 
pulsion core. They used the S'-wave Aa and AA poten- 
tials for all the allowed partial waves. Since A^He is es- 
sentially an S'-wave dominant system, their approxima- 
tion is legitimate. Nevertheless, the Nijmegen soft-core 
model NSC97e was found to have too weak AA inter- 
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action, corresponding to ABaa ~ 0.66 MeV |6|. 

We have discussed in Ref. that the cluster model cal- 
culation with the a cluster needs a special care with an 
important rearrangement effect originating mainly from 
the starting energy dependence of the G-matrix inter- 
action, when we consider composite-particle interactions 
starting from bare baryon-baryon interactions. For ex- 
ample, the energy loss of the interaction term in 5 He 
due to the added A particle is estimated to be 2.5 - 
2.9 MeV in the model-independent way. This effect 
plays a major role to explain the well-known ovcrbind- 
ing phenomena of the 5 He. This effect is renormalized 
in usual Aa potentials by fitting the A separation en- 
ergy B A (A H e) = 3.12 ± 0.02 MeV. In the AAa system, 
however, there still remains an unrenormalizable effect 
mainly originating from the starting energy dependence 
of the AA*" interaction, which is found to be a repulsive ef- 
fect of about 1 MeV As the result, the S-state matrix 
element of the AA interaction is not —ABaa ~ — 1 MeV, 
but should be larger than —2 MeV. From this argument, 
we can conclude that the 1 So A A interaction of NSC97e is 
by far too weak, and there is no meson-theoretical models 
available to explain the Nagara event. 

The purpose of this brief report is to show the ex- 
tent how our quark-model baryon-baryon interaction fss2 
0, can give a consistent description of the AN and 
AA interactions with the available experimental data of 
light single- and doublc-A hypernuclei. The model fss2 
describes all the available nucleon-nucleon (NN) and 
hyperon-nucleon (YN) scattering data, by incorporat- 
ing the effective meson-exchange potentials at the quark 
level. It is now extended to the arbitrary two-baryon sys- 
tems of the octet baryons without introducing any extra 
parameters .10] . The strangeness S — — 2 sector, in par- 
ticular, involves several important aspects of the baryon- 
baryon interactions. First it contains the AA interaction, 
whose knowledge is essential to understand the binding 
mechanism of the double-A hypernuclei. The second is 
that the isospin T — system corresponds to the so- 
called ii-particle channel, in which a strong attraction is 
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expected from the color-magnetic interaction of the quark 
model. The third is the existence of the Pauli-forbiddcn 
state at the quark level, with the SU3 quantum number 
( 1 1 ) s . The existence of such Pauli- forbidden state usually 
implies a strong repulsion in some particular channels. It 
is therefore important to deal with the effect of the Pauli 
principle properly in the quark-model baryon-baryon in- 
teractions. Here we carry out Faddeev calculations of the 
AAa system, by directly using the quark-model baryon- 
baryon interactions in the strangeness S = —2 sector, 
and show that the AA interaction of fss2 is consistent 
with the Nagara event after several corrections which are 
not easily incorporated in the present calculation. 

The three-cluster Faddeev formalism used here is re- 
cently developed for general three-cluster systems inter- 
acting via two-cluster resonating-group method (RGM) 
kernels 0, • A nice point of this formalism is that 
the underlying NN, YN, and hyperon-hyperon (YY) 
interactions are more directly related to the structure 
of the hypernuclei than the models assuming simple two- 
cluster potentials. The reliability of this formalism is al- 
ready confirmed in several systems; i.e., the three-nucleon 
bound state 01, the hypertriton the 3a and Aaa 
systems The last application involves an effective 

AN force, called the SB force, which is a simple two- 
range Gaussian potential generated from the phase-shift 
behavior of fss2, by using an inversion method based on 
supersymmctric quantum mechanics 16] . It is given by 

vCE) = -128.0 exp(-0.8908 r 2 ) 
+ 1015 exp(-5.383 r 2 ) , 

v{ 3 E) = -56.31 / exp(-0.7517 r 2 ) 

+ 1072 exp(-13.74 r 2 ) , (1) 

where r is the relative distance between A and N in fm 
and the energy is measured in MeV. The odd interac- 
tion is assumed to be zero (pure Serber type). We gen- 
erate the Aa potential by folding these with the sim- 
ple (0s) 4 shell-model wave function of the a cluster. In 
Eq. an adjustable parameter / is introduced to cir- 
cumvent the overbinding problem of %He- The value 
/ = 0.8923 is necessary to reproduce the empirical value 
B\(\He) — 3.120 MeV, when the harmonic oscilla- 
tor width parameter of the a cluster is assumed to be 
v = 0.257 fm~ 2 . By using this AN force and the aa 
RGM kernel generated from the three-range Minnesota 
force, we have shown in Ref. 0] that the the mutually 
related, aa, 3a, and aaA systems are well reproduced in 
terms of a unique set of the baryon-baryon interactions. 
In particular, the ground-state and excitation energies of 
A Be are reproduced within 100 ~ 200 keV accuracy. 

The total wave function of the AAa system is expressed 
as the superposition of two independent Faddeev compo- 
nents tjj and ip: \& = tp + (1 — P12 V- The two A particles 
are numbered 1 and 2, the a-cluster is numbered 3. The 
Faddeev equation reads 

V> = G 7aa(£aa)(1-Pi2V . 

<P = G T Aa (iP-P 12 v) . (2) 



Here, Taa(eaa) is the AA component of the redundancy- 
free AA-SiV-ES T-matrices in the specific channel with 
the strangeness S — — 2 and the isospin T = 0. These 
T-matrices are generated from the RGM kernel of the 
YY interaction, Vyy M ( s yy), by solving the full coupled- 
channel Lippmann-Schwinger equation in the momentum 
space. The elimination of the Pauli-forbidden state with 
the SU3 quantum number (ll) s is automatically taken 

care of, simply by using the "RGM" T-matrix, Taa(eaa) 
according to the prescription given in Ref. |ll| . The to- 
tal wave function \& is orthogonal to this Pauli-forbidden 
state, if we formulate a full coupled-channel Faddeev 
equation for the AAa-SAa-EEa system. Such a cal- 
culation is not feasible for the time being, since we also 
need the Na, Sa, and Ea interactions. Here we simply 
use the AA component of the redundancy-free T-matrix. 
The energy dependence involved in the RGM kernel and 
the T-matrix is treated self-consistently by calculating 
the matrix elements of the (quark-model) AA Hamilto- 
nian as 

£aaH^aa + < a GM (£aa)|*} • (3) 

The detailed prescription for the energy dependence of 
the RGM kernel and the Pauli-forbidden state in the 
quark-model baryon-baryon interaction is given in Ref. 
|14j . A Faddeev formalism involving two identical parti- 
cles (or clusters) are spelled out in Ref. [Tlj . 

Since we are interested in the J v = + ground state 
with the isospin T = 0, the channel specification scheme 
of the AAa system is very simple. It becomes even sim- 
pler if we introduce no non-central forces since the Aa 
interaction is known to involve a very weak spin-orbit 
force. In the (AA)-a channel, the exchange symmetry 
of the two A's requires (— ) x+s = 1, where A and S are 
the relative orbital angular-momentum and spin values 
of the two-A subsystem. The possible two-A states are 
therefore *\\ (A=cvcn) for 5 = and 3 Aa (A=odd) for 
S = 1. If we neglect non-central forces, the spin value S 
and the total orbital angular-momentum quantum num- 
ber L are good quantum numbers, and only So, D2, 
1 G , 4, ■ • ■ states of the AA interaction contribute in the 
ground state with L = S = 0. Note that the orbital 
angular-momentum of the a particle, t, is equal to A 
since J = 0. Similarly, in the (Aa)-A channel, the rela- 
tive angular-momentum of the Aa subsystem, t\ , is equal 
to the orbital angular momentum of the spectator A, £2, 
because of the parity conservation and the possible spin 
value, S = or 1. These simplifications are of course the 
result of the channel truncation that we do not include 
the coupling to the possible SA^a and SSa configura- 
tions, in the present AAa model space. All the partial 
waves up to A max -i?i max =6-6 are included for A = £ and 
£1 = £2- The momentum discretization points with ri\- 
Ji2-i3=10-10-5 in the previous notation [l5| are used for 
solving the Faddeev equation. This ensures 1 keV accu- 
racy. 

Table [I] shows the AB\a values in MeV, predicted by 
various combinations of the AA^ and A A interactions. 
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TABLE I: Comparison of ABaa values in MeV, predicted by 
various AA interactions and Vajv potentials. The AA potential 
Vaa ( Hiy ama) is the three-range Gaussian potential used in 
Ref. QJ, and Vaa (SB) the two -range Gaussian potential given 
in Eq. (@J. FSS and fss2 use the AA RGM T-matrix in the free 
space, with eaa being the AA expectation value determined 
self-consistently. AB° P = 1.01 ± 0.20 MeV Q. 
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FIG. 1: 1 5'o phase shifts, predicted by fss2, in the AA-EJV- 
EE coupled-channel system with the isospin I — 0. The 
single-channel phase shift of the AA scattering, predicted by 
the SB potential, is also shown in circles. 



The results of a simple three-range Gaussian potential, 
Vaa (Hiyama), used in Ref. 01 are a l so shown. We find 
that this AA potential and the RGM T-matrix for the 
old version of our quark-model interaction FSS 18] yield 
very similar results with the large ABaa values about 3.6 
MeV, since the AA phases shifts predicted by these inter- 
actions increase up to about 40°. The improved quark 
model fss2 yields ABaa = 1.41 MeV. The energy gain 
due to the expansion of the partial waves from the S- 
wave to the J- wave is 35 ~ —50 keV, depending on the 
weakly attractive or repulsive nature of the P-wave AiV 
force. In Table results are also shown for Vaa (SB), 
which is a two-range Gaussian potential generated from 
the 1 Sq A A phase shift of fss2, by using the supersym- 
metric inversion method |l6j . This potential is given by 

Vaa (SB) = -103.9 exp(-1.176 r 2 ) 

+658.2 exp(-5.936 r 2 ) , (4) 

where r is the relative distance between two A's in fm and 
the energy in MeV. This potential reproduces the low- 
energy behavior of the AA phase shift of fss2 quite well, 
as seen in Fig. ^ We use this for all even partial waves 
and set the odd components zero by assuming the pure 
Serber type. [The odd components of the AA interaction 
give no contribution to the present calculation in the LS 
coupling scheme anyway.] We find that this AA potential 
yields larger ABaa values than the fss2 RGM T-matrix 
by 0.36 MeV - 0.58 MeV. We think that this difference of 
around 0.5 MeV between our fss2 result and the Vaa (SB) 
result is probably because we neglected the full coupled- 
channel effects of the AAa channel to the ENa and SSa 
channels. In our previous Faddeev calculation for 3 H [l3j . 
the energy gain due to the increase of the partial waves 
from the 2-channel (S'-wave only) to 5-channel (S + D 
waves) calculations is 0.36 - 0.38 MeV (see Table III). 
We should keep in mind that in all of these three-cluster 
calculations the Brueckner rearrangement effect of the a- 
cluster with the magnitude of about 1 MeV (repulsive) 



is very important Q. It is also reported in Ref. 0] 
that the quark Pauli effect between the a cluster and the 
A hyperon yields a non-negligible repulsive contribution 
of 0.1 - 0.2 MeV for the A separation energy of A^He, 
even when a rather compact (3q) size of b ~ 0.6 fm is 
assumed as in our quark- model interactions. Taking all 
of these effects into consideration, we can conclude that 
the present results by fss2 are in good agreement with 
the experimental value, AB^ = 1.01 ± 0.20 MeV, by 
the Nagara event . 

Table [HI lists the energy decomposition to kinetic- and 
potential-energy contributions for the SB AN force. We 
find that the AA potential matrix element in fss2 is 
—2.4 ~ —2.6 MeV, which is much smaller then that of 
FSS and the Hiyama potential (-6 ~ -7 MeV). This 
is consistent with the (0s) matrix element of the AA 
G-matrix of fss2 0, ((0s) 2 |G A a|(0s) 2 ) = -2.95 MeV, 
obtained for the free-space G-matrix calculation with 
v = 0.25 fm~ 2 . For the normal nucleon density, pa = 
1.35 fm - , this value is slightly reduced to —2.83 MeV. 
If po is also assumed for A, it is further reduced to 
—2.63 MeV. If we compare the Aa kinetic-energy ma- 
trix elements in fss2 (8.553 MeV) and in Vaa (SB) (8.774 
MeV) with that of the T( A Be) system in Ref. |ljj, 9.215 
MeV [see Eq. (39)], the latter is a little larger since the A 
is more strongly attracted by the two a clusters. The £Aa 
value —2.5 ~ —2.8 MeV in Table ILT1 should be compared 
with the free value —3.12 MeV in AHe, but the decom- 
position to the kinetic-energy and potential-energy con- 
tributions is fairly different since Eao — 3.854 — 6.974 = 
-3.120 MeV in ^He. 

The G-matrix calculation of fss2 also shows that the 
channel coupling effect to the A A matrix element is 0.5 ~ 
1 MeV, and the Pauli blocking effect of the EN channel 
is about 0.2 MeV. The latter is almost half of the 0.43 
MeV, claimed in Ref. [2(j. We can also carry out the 
Faddeev calculation by switching off the channel coupling 
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TABLE II: Decomposition of the ground-state energy of AA.He 

(E), and the AA (£2a) and Aq (EAa) expectation values to the 

the kinetic- and potential-energy contributions. The SB A7V 

force is used. The unit is in MeV. The experimental value is 
£cx P = _j 25 ± lg Me y p_ 



Vaa 


kinetic + potential = total 




E = 21.328 - 31.186 = -9.858 


Hiyama 


£ 2 a = 11.869 - 6.779 = 5.089 




e Aa = 10.388 - 12.203 = -1.815 




E = 20.179 - 30.076 = -9.897 


FSS 


£ 2 a = 10.800 - 5.676 = 5.124 




£ Aq = 9.927 - 12.200 = -2.274 




E = 17.111 - 24.764 = -7.653 


fss2 


£ 2 A = 8.567 - 2.628 = 5.938 




e Aa = 8.553 - 11.068 = -2.515 




E = 17.439 - 25.589 = -8.150 


SB 


£ 2 A = 8.483 - 2.399 = 6.083 




£ Aa = 8.774 - 11.595 = -2.821 



in the T- matrix calculations. The results for the fss2 A A 
and SB AN model are AB AA = 1.141 MeV for the AA 
single-channel calculation and 1.454 MeV for the AA-SV 
double- channel calculation. The energy gain by the full 
coupled-channel T-matrix calculation is only 0.27 MeV. 
However, such truncation of channels spoils the exact 
treatment of the Pauli principle, and the RGM T-matrix 
does not satisfy the orthogonality condition to the Pauli 
forbidden (ll) s state. 

Summarizing this work, we have applied the quark- 
model YN and YY interactions, fss2 [1 [ljj and FSS 



[l8j . to the Faddeev calculation of the AAa system for 
A 6 A He, in the new three-cluster Faddeev formalism using 
two-cluster RGM kernels. The Aa T-matrix is generated 
from the AN effective force, which is derived from the 
1 5'o and 3 Si AiV phase shifts of fss2 by the supersym- 
metric inversion method [lfij . With a single adjustable 
parameter, this AN force gives a realistic description of 
the ^He and ^Be systems ^5[. The AA interaction of 
the quark-model baryon-baryon interactions is therefore 
reliably examined by solving the RGM T-matrix in the 
AA-SV-EE coupled-channel formalism, and by using it 
in the coupled- channel Faddeev equation. Here we have 
used only AAa configuration and obtained A£?aa = 1-41 
MeV for fss2, as a measure of the the two-A separation 
energy. A simple Gaussian AA potential, reproducing 
the AA phase shift of fss2, yields A Baa = 1.91 MeV. 
Considering some repulsive effects from the Brueckner 
rearrangement of the a-cluster (~ 1 MeV) and the 
quark Pauli principle between the a cluster and the A 
hyperon (~ 0.1 - 0.2 MeV) we can conclude that 

the present results by fss2 are in good agreement with the 
experimental value, ABT? = 1.01 ± 0.20 MeV, deduced 
from the Nagara event [l| . Together with previous sev- 
eral Faddeev calculations, we have found that the model 
fss2 yields a realistic description of many three-body sys- 
tems, including the three-nucleon bound state [Rj, the 
hypertriton |P4J, ^Be |l5|, and ®/Jle. 



Acknowledgments 

This work was supported by Grants-in-Aid for Scien- 
tific Research (C) from the Japan Society for the Pro- 
motion of Science (JSPS) (Nos. 15540270, 15540284, and 
15540292). 



[1] H. Takahashi et al, Phys. Rev. Lett. 87, 212502 (2001). 
[2] S. B. Carr, I. R. Afnan, and B. F. Gibson, Nucl. Phys. 

A625, 143 (1997). 
[3] D. J. Prowse, Phys. Rev. Lett. 17, 782 (1966). 
[4] M. Danysz et al, Phys. Rev. Lett. 11, 29 (1963). 
[5] S. Aoki et al, Prog. Theor. Phys. 85, 1287 (1991). 
[6] I. N. Filikhin, A. Gal. and V. M. Suslov, Phys. Rev. C 

68, 024002 (2003). 
[7] Th. A. Rijken, V. G. J. Stoks, and Y. Yamamoto, Phys. 

Rev. C 59, 21 (1999). 
[8] M. Kohno, Y. Fujiwara and Y. Akaishi, Phys. Rev. C 68, 

034302 (2003). 

[9] Y. Fujiwara, T. Fujita, M. Kohno, C. Nakamoto, and Y. 

Suzuki, Phys. Rev. C 65, 014002 (2002). 
[10] Y. Fujiwara, M. Kohno, C. Nakamoto, and Y. Suzuki, 

Phys. Rev. C 64, 054001 (2001). 
[11] Y. Fujiwara, H. Nemura, Y. Suzuki, K. Miyagawa, and 

M. Kohno, Prog. Theor. Phys. 107, 745 (2002). 
[12] Y. Fujiwara, Y. Suzuki, K. Miyagawa, M. Kohno, and H. 

Nemura, Prog. Theor. Phys. 107, 993 (2002). 



[13] Y. Fujiwara, K. Miyagawa, M. Kohno, Y. Suzuki, and H. 

Nemura, Phys. Rev. C 66, 02100RR) (2002). 
[14] Y. Fujiwara, K. Miyagawa, M. Kohno, and Y. Suzuki, 

KUNS-1907, |rmd -th/0404010| submitted to Phys. Rev. 

C. 

[15] Y. Fujiwara, K. Miyagawa, M. Kohno, Y. Suzuki, 
D. Baye, and J.-M. Spaxenberg, KUNS-1910, 
nucl-th/0404071. submitted to Phys. Rev. C. 

[16] J.-M. Spaxenberg and D. Baye, Phys. Rev. C 55, 2175 
(1997). 

[17] E. Hiyama, M. Kamimura, T. Motoba, T. Yamada, and 

Y. Yamamoto, Prog. Theor. Phys. 97, 881 (1997); Phys. 

Rev. C 66, 024007 (2002). 
[18] Y. Fujiwara, C. Nakamoto, and Y. Suzuki, Phys. Rev. 

Lett. 76, 2242 (1996); Phys. Rev. C 54, 2180 (1996). 
[19] Y. Suzuki and H. Nemura, Prog. Theor. Phys. 102, 203 

(1999). 

[20] K. S. Myint, S. Shinmura, and Y. Akaishi, Eur. Phys. J. 
A 16, 21 (2003). 



